Existence conditions for barycentric sequences  by Delorme, Charles et al.
Discrete Mathematics 281 (2004) 163–172
www.elsevier.com/locate/disc
Existence conditions for barycentric sequences
Charles Delormea , Isabel Marquezb , Oscar Ordazc;∗ , Asdrubal Ortun˜oc
aLRI, Universite Paris-Sud, Orsay Cedex 91405, France
bUniversidad Centroccidental, Barquisimeto, Venezuela
cDepartamento de Matematicas, Facultad de Ciencias, Universidad Central de Venezuela, Ap. 47567
Caracas 1041-A, Venezuela
Received 27 November 1995; received in revised form 24 September 2003; accepted 25 September 2003
Abstract
Let G be a 5nite abelian group. A sequence in G is barycentric if it contains one element which
is the “average” of its terms. We give some su:cient conditions for the existence of barycentric
sequences, with prescribed or unconstrained length. The barycentric Davenport constant BD(G)
and strong Davenport constant SD(G) are studied and some bounds are given. These constants
are related to the Davenport constant D(G).
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1. Introduction
The study of zero-sum sequences in 5nite abelian groups has been a topic of interest
in the recent mathematical literature (see [1,2,11]). A natural generalization of zero-sum
sequences are the barycentric sequences which are de5ned in the following way:
Denition 1. Let A be a 5nite set with |A|¿ 2 and G an abelian group. A sequence
f :A→ G is barycentric if there exists a∈A such that ∑A f = |A|f(a).
We use the word sequence because one can without inconvenience associate A with
the set {1; 2; : : : ; |A|}. When |A|= k we shall speak of a k-barycentric sequence. More-
over, when f is injective we can use the words barycentric set instead of barycentric
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sequence. The condition |A|¿ 2 avoids the trivial realization of equality∑A f=|A|f(a)
when A={a}. Note that a barycentric sequence is a particular case of zero-sum weighted
sequence of G (introduced and investigated by Hamidoune in [9,10]).
If G is a 5nite abelian group and f a sequence, then an obvious su:cient condition
for the existence of a barycentric subsequence is that |A|¿ |G| since this implies that
f is not injective. In this case, there exist distinct elements a; a′ with f(a) = f(a′)
and then f(a); f(a′) is a 2-barycentric subsequence of f.
In the same way, |A|¿ (k − 1)|G| implies the existence of a k-barycentric subse-
quence of f, since there must exist some element g in G with |f−1(g)|¿ k. Hamidoune
[10] shows that |A|¿ k+D(G)−1, with k¿ |G| and D(G) the Davenport constant, is
a far less trivial condition which forces the existence of a k-barycentric subsequence.
We may note that the problem of the existence of k-barycentric subsequences gen-
eralizes the problem on the existence of the k-subsequences with zero-sum, when k is
a multiple of |G|.
In this paper, we give conditions to ensure the existence of k-barycentric sequences,
involving the size of the image of f in G or prescribing a length for the barycentric
sequences.
For example, we show that for d¿ 2 and p¿d+3 prime, every sequence f :A→
Zp with |f(A)|¿ (p− 1)=d+ d+ 1 has a (|A| − d)-barycentric sequence. In the case
where d=2, this lower bound can be improved to (p−1)=d+d for p¿ 7. Concerning
the existence of barycentric sequences, we de5ne in a natural way the barycentric
Davenport constant BD(G) and the strong Davenport constant SD(G). Moreover, upper
bounds for both constants are established. The main tools for all the proofs in this paper
are a theorem of Dias da Silva–Hamidoune [5] and the Cauchy–Davenport theorem [4].
Throughout the remainder of this paper, we denote by p a prime number.
2. Some existence theorems
Let us cite the theorem of Dias da Silva and Hamidoune [5].
Theorem 2 (Dias da Silva and Hamidoune [5]). Let H be a subset of Zp. Let d be
a positive integer such that 26d6 |H |. Set
d∧
H =
{∑
x∈S
x : S ⊂ H; |S|= d
}
:
Then |∧d H |¿min{p; d(|H | − d) + 1}.
We also need the Cauchy–Davenport theorem [4]:
Theorem 3 (Cauchy and Davenport [4]). Let A and B be subsets in Zp. Then |A +
B|¿min{p; |A|+ |B| − 1}.
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The Dias da Silva–Hamidoune theorem for d=2, was conjectured by Erdo˝s and Heil-
bronn [6, p. 95]; it is analogous to the Cauchy–Davenport theorem when we exclude
the addition of an element to itself.
The following results, based on Theorem 2, give a su:cient condition for the exis-
tence of barycentric sequences with a prescribed length.
Theorem 4. Let s¿ 2, d¿ 2, p¿d+2+1=(d−1). Let A be a set with s+d elements,
and f :A → Zp a sequence with |f(A)|¿ (p − 1)=d + d + 1. Then f contains an
s-barycentric subsequence.
Proof. Let b∈A. Since |f(A \ {b})|¿ (p − 1)=d + d, Theorem 2 gives |∧d f(A \
{b})|=min{p; d(|f(A \ {b})| − d) + 1}= p. Hence, ∧d f(A \ {b}) = Zp. Therefore,
there exists U ⊂ A \ {b} with |f(U )| = |U | = d such that ∑U f =∑A f − sf(b).
Consequently the restriction of f to A \ U is an s-barycentric subsequence of f.
The following theorem improves Theorem 4, under the additional condition s¿ 	(p−
1)=d
.
Theorem 5. Let s; d be integers ¿ 2 such that s¿ 	(p− 1)=d
. Let A be a set with
|A|= s+ d. Let f :A→ Zp be a sequence such that |f(A)|¿ 	(p− 1)=d
+ d. Then
there exists an s-barycentric subsequence of f.
Proof. Let j= 	(p− 1)=d
 and Ao ⊂ A such that |Ao|= |f(Ao)|= j+ d. By Theorem
2 we have |∧j f(Ao)|¿min{p; j(|f(Ao)| − j) + 1}=min{p; jd+ 1}¿min{p; ((p−
1)=d)d + 1} = p. Therefore ∧j f(Ao) = Zp. Since s¿ j there exists {a1; : : : ; as−j} ⊂
A \ Ao, hence
∧j(f(Ao)) +∑16i6s−j f(ai) = Zp. Hence, there exists Bo ⊂ Ao, with
|Bo|= j such that
∑
Bo f= sf(a1)−
∑
16i6s−j f(ai) and then the restriction of f to
B= Bo ∪ {a1; : : : ; as−j} is an s-barycentric subsequence of f.
Corollary 6. Let f :A→ Zp be a sequence with |A|=p+2 and |f(A)|¿ (p+3)=2.
Then f contains a p-subsequence with zero-sum.
Proof. We give a proof slightly diLerent from a mere application of Theorem 5. Let
S =
∑
A f. By Theorem 2, |
∧2 f(A)|=p. Hence, f(u) +f(v) equals S, with f(u) =
f(v) and the complementary sum
∑
A\{u;v} f on p terms has zero-sum.
Example 7. The bound of |f(A)|¿ (p + 3)=2 corresponds to the Erdo˝s–Heilbronn
conjecture. This cannot be lowered with extra conditions as it can be seen with the
sequence 0; 0; 0; 0; 1; 1; 2 in Z5, which has no 5-subsequence with zero-sum. More gen-
erally, it can also be seen in the family of examples:
A= {1; : : : ; p+ 2}; G = Zp with p= 4q+ 3 prime¿ 7;
f(x) =
{−t − 1 + x if 16 x6 2q+ 2;
0 if 2q+ 36 x6 4q+ 5
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with
t =


q+ 1
3
if q ≡ −1 (mod 3);
q− 1
3
if q ≡ 1 (mod 3):
The image of A has 2q+ 2 = (p+ 1)=2 values from −t to 2q− t + 1, the sum of all
p+2 values is S=(q+1)(2q−2t+1), the sums of two elements take all values from
−2t+1 to 4q−2t+1 and thus avoid −2t and −2t−1 modulo p. If 3t=q+1, we have
S+2t=(q+1)(2q−2t+1)+2t=(q+1)(2q+1)−2qt=3t(2q+1)−2qt= t(4q+3), that
is S ≡ −2t (modp), and thus the sums on p-parts of A cannot reach 0. If 3t = q− 1,
we have S + 2t + 1 = (q + 1)(2q − 2t + 1) + 2t + 1 = −2qt + (q + 1)(2q + 1) + 1 =
−2qt + (3t +2)(2q+1)+ 1= (4q+3)(t +1), that is S ≡ −2t − 1 (modp), and again
the sums on p-parts of A cannot reach 0.
The following result improves Theorem 5, under the additional conditions p¿ 7 and
d= 2.
Theorem 8. Let s¿ 2, p¿ 7 and A a set with s + 2 elements. If f :A → Zp is a
sequence with |f(A)|= (p+ 3)=2, then f contains an s-barycentric subsequence.
Proof.
• Suppose that f is not injective.
We choose x with |f−1(f(x))|¿ 2; then f(A \ {x}) = f(A).
Since |f(A \ {x})| = (p + 3)=2 we have Zp =
∧2 f(A \ {x}) by Theorem 2.
Thus there are two distinct elements f(u); f(v) of f(A \ {x}) that satisfy
f(u) + f(v) =
∑
A
f − sf(x): (1)
The restriction of f to A \ {u; v} is then an s-barycentric subsequence of f.
• Now, we assume f injective. Let x∈A. Since |f(A \ {x})| = (p + 1)=2 then by
Theorem 3, f(A \ {x}) + f(A \ {x}) = Zp hence Eq. (1) has a solution with
(u; v)∈A \ {x} × A \ {x}.
If for some x there exists some solution with u = v, we are done. Hence, we
now assume that
2f(u) =
∑
A
f − sf(x) (2)
for all x∈A and u∈A \ {x}.
Since f is injective, then we may identify A and f(A). Let F : Zp → Zp be
the a:ne mapping de5ned by F : x → (a − sx)=2, where a =∑A f. Then we
have F(A) ⊂ A.
We examine 3 cases.
• F is the identity or a translation. Then s+ 2 = p= (p+ 3)=2, that is p= 3.
We have excluded this value of p.
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• F is another a:ne bijective transformation. Then it has t+1 orbits, one with
cardinality 1, namely {a=(s + 2)} and t orbits of same cardinality ! = (p −
1)=t¿ 2. Here ! is the order of −s=2 in the group (Z=pZ)∗.
We have then A a union of some of these orbits. Hence s+2=(p+3)=2=
1 + ! or s + 2 = (p + 3)=2 = ! and p = 1 + t!, with  an integer ¿ 0;
hence !(2− t) = 4 or 2. The class s can be seen as −12 in Zp.
If != 2, then (−s=2)2 = 1 = 116 in Zp. Hence p|15 which is excluded.
If !=4, then (−s=2)4=1= 1256 in Zp. Hence p|255, this allows only p=3,
5, 17. The 5rst two are excluded, the last one gives t = 4. Hence 2− t = 1,
which is not possible.
This contradiction achieves the proof in this case.
• F is constant, in other words s is null in Zp. We then select a solution
f(u); f(v) to
∑
A f = f(u) + f(v) with (u; v)∈A × A; if u = v, then we
choose x in A \ {u; v} and we are done.
If u= v, we write y with f(y) = 12
∑
A f and solve
∑
A f = f(u) + f(v)
with (u; v)∈A× (A \ {y}). The same argument as above gives the existence
of a solution with u = v.
3. Strong and barycentric Davenport constants
In this section, we will investigate the case of unconstrained length of barycentric
subsequences of a given sequence f. If f is not injective, there is a barycentric
subsequence of length 2. When f is injective, we can replace A by its image f(A)
and subsequences by subsets.
Denition 9. Let G be a 5nite abelian group. The Davenport constant D(G) is the
smallest positive integer d such that every sequence with d terms in G contains a
non-empty subsequence with zero-sum.
We use the following lemma.
Lemma 10 (Olson [15]). D(Zn) = n and D(Zp 1 ⊕ · · · ⊕ Zp k ) = 1 +
∑k
i=1(p
 i − 1).
Denition 11. Let G be a 5nite abelian group. Let us call the strong Davenport con-
stant, denoted SD(G), the least positive integer d such that every subset A ⊂ G, with
|A|= d contains a non-empty subset B with zero-sum.
The strong Davenport constant has an analogy to the Davenport constant D(G) of
G, where zero-sums on non-empty subsequences are considered. If G is 5nite abelian,
then the strong Davenport constant SD(G) exists and SD(G)6D(G). This constant is
also studied in [3,7,12].
Theorem 12 (Olson [14, Corollary 3.2.1]). Let G be a =nite abelian group. Then
SD(G)6 3
√|G|.
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Table 1
Some values for small abelian groups
Order Type BD SD D Type BD SD D Type BD SD D
2 2 3 2 2
3 3 3 2 3
4 4 3 3 4 2 2 4 3 3
5 5 3 3 5
6 6 5 4 6
7 7 4 4 7
8 8 5 4 8 2 4 5 4 5 2 2 2 5 4 4
9 9 5 5 9 3 3 5 4 5
10 10 5 5 10
11 11 5 5 11
12 12 5 5 12 2 6 6 5 7
13 13 5 5 13
14 14 5 6 14
15 15 5 6 15
16 16 6 6 16 2 8 7 6 9 2 2 4 7 6 6
4 4 5 6 7 2 2 2 2 6 5 5
17 17 5 6 17
18 18 6 6 18 3 6 7 6 8
19 19 5 6 19
20 20 7 7 20 2 10 7 7 11
21 21 6 7 21
22 22 6 7 22
It is not very surprising (see Table 1) that the bound for groups with prime order p
(about 2
√
p) is smaller than the general bound (about 3
√
p). In fact Hamidoune and
Zemor [12] give the following result:
Theorem 13 (Hamidoune and Zemor [12]). SD(Zp)6
√
2p+ 5 ln(p) + 1.
Theorem 14 (Dias da Silva and Hamidoune [5, Corollary 4.3]). SD(Zp)6
√4p− 7.
This last theorem implies the following equalities.
• SD(Z3) = 2. Theorem 14 gives SD(Z3)6 2 and the set {1} shows SD(Z3)¿ 2.
• SD(Z5) = 3. Theorem 14 gives SD(Z5)6 3 and the set {1; 2} shows SD(Z5)¿ 3.
• SD(Z7)=4. Theorem 14 gives SD(Z7)6 4 and the set {1; 2; 3} shows SD(Z7)¿ 4.
More examples are presented in Table 1.
We use the following theorem due to Gao and Geroldinger.
Theorem 15 (Gao and Geroldinger [7]). Let G = Zn1 ⊕ · · · ⊕ Znr ⊕ Zs+1n with r¿ 0,
s¿ 0, 1¡n1| · · · |nr|n and nr = n. If G is a p-group and r + s=2¿ n, then SD(G) =∑r
i=1(ni − 1) + (s+ 1)(n− 1) + 1.
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Theorem 16. (i) SD(Zs2) = s+ 1 for s¿ 1.
(ii) SD(Zs3) = 2s+ 1 for s¿ 3.
Proof. (i) The set A = {e1; e2; : : : ; es} (with ei the s-tuple with entry 1 at position
i and 0 elsewhere) is a basis of the vector space Zs2, and thus is a set of linearly
independent elements. Hence, A does not contain a non-empty subset with zero-sum.
Therefore SD(Zs2)¿ s+1. By Lemma 10 we have SD(Zs2)6D(Zs2)= s+1. Note that
for s¿ 5 this result follows from Theorem 15.
(ii) By Lemma 10 we have SD(Zs3)6D(Zs3)6 2s+ 1. Since the set
{e1; e2; e3; e1 + e2; e1 + e3; 2e1 + e2 + e3}
of 6 elements of Z33 does not contain subsets with zero-sum, we have SD(Z33)¿ 7.
Therefore SD(Z33) = 7. The assertion SD(Zs3)¿ 2s + 1 for s¿ 3 follows easily by
induction. Note also that for s¿ 7 the result follows from Theorem 15.
We use the following theorem.
Theorem 17 (Mann and Olson [13]). SD(Zp ⊕ Zp)6 2p− 2 for p¿ 3.
Corollary 18. SD(Z23) = 4.
Proof. Since {(1; 0); (0; 1); (1; 1)} does not contain non-empty subsets with zero-sum,
we have SD(Z23)¿ 4. By Theorem 17, we have SD(Z23)6 4.
Theorem 19 (lower bounds for SD(G)). Set $(n) = √2n− 12.
We have the inequalities
(1) SD(G ⊕ H)¿SD(G) + SD(H)− 1.
(2) SD(Zn)¿$(n) + 1.
(3) SD(Za ⊕ Zab)¿SD(Za) + a$(b).
Proof. By the hypothesis we have that 1 + 2 + · · ·+ $(n)¡n.
(1) Take a subset A ⊂ G such that no non-empty subset of A has zero-sums, with
|A|= SD(G)− 1 and similarly B ⊂ H ; then A× {0} ∪ {0} × B does not contain
a non-empty subset with zero-sum.
(2) The set {1; : : : ; $(n)} has no non-empty subset with zero-sum.
(3) Take a subset A of Za as above; then A×{0}∪Za×{1; : : : ; $(b)} does not contain
a non-empty subset with zero-sum.
Denition 20. Let G be a 5nite abelian group. The barycentric Davenport constant
BD(G) is the least positive integer m such that every m-sequence in G contains a
barycentric subsequence of length ¿ 2.
If f is not injective, then there is a 2-barycentric subsequence. In the injective case,
if |G| = 1, then using pairs of distinct elements it is easy to show that BD(G)¿ 3.
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Hence, we have the following alternate de5nition of BD(G):
Denition 21. Let G be a 5nite abelian group with |G|¿ 3; BD(G) is the least positive
integer d such that every subset A ⊂ G, with |A| = d contains a barycentric subset B
with |B|¿ 3.
Theorem 22. Let G be an abelian group of =nite order. Then BD(G)6SD(G) + 1.
Proof. Let r=SD(G). Let A ⊂ G with |A|= r+1, and a∈A. Then 0∈A− a. Hence,
|(A− a) \ {0}|= r = SD(G). Then there exists a non-empty subset B of (A− a) \ {0}
with zero-sum and 16 |B|6 |A| − 1. Therefore, (B + a) ∪ {a} ⊂ A is a barycentric
sequence. So that BD(G)6 r + 1.
The estimation of the barycentric constant BD using the strong Davenport constant
is quite coarse in some cases. Indeed, when the order of G is prime we can obtain
some reduction.
Theorem 23. BD(Zp)6 	
√
4p+ 1
 − 2 for p¿ 5.
Proof. Let k be a positive integer such that 	√4p+ 1
−26 k6p. Let A ⊂ Zp with
|A|= k; let d= 	k=2
 (thus 26d¡p). Set D={da: a∈A}, hence |D|= |A|= k. Now
we use Theorem 2.
• In case |∧d A|¿d(k−d)+1, we have |D|+ |∧d A|¿d(k−d)+1+ k= 	k=2
(k−
	k=2
)+1+k¿ ((k+1)=2)((k−1)=2)+1+k=(k2−1)=4+1+k=((k+2)2−1)=4¿p.
Since, p is odd, let p=2t+1, hence 4(2t+1)+1=8t+5. Then 4p+1 ≡ 5 (mod 8)
and by a simple inspection, the integer 4p+1 is not a square, thus it is not (k+2)2.
Hence the inequality ((k +2)2 − 1)=4¿p is strict, and therefore |D|+ |∧d A|¿p,
and D∩∧d A = ∅. That is, there exist a∈A and B ⊂ A, |B|=d such that ∑B x=da.
• When |∧d A|= p we have ∧d A= Zp. Hence, for da∈Zp with a∈A, there exists
B ⊂ A, |B|= d such that ∑B x = da.
In both cases we have
• either a∈B and then B is a barycentric set.
• or a ∈ B and then B ∪ {a} is a barycentric set.
Then we can obtain the following particular results:
• BD(Z3) = 3. Directly, from Theorems 22 and 14.
• BD(Z5) = 3. Theorem 23 gives BD(Z5)6 3.
• BD(Z7) = 4. Theorem 23 gives BD(Z7)6 4, the set {1; 2; 4} shows BD(Z7)¿ 3.
• BD(Z11)=5. Theorem 23 gives BD(Z11)65, the set {1; 2; 4; 5} shows BD(Z11)¿4.
More examples are given in Table 1.
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Theorem 24. BD(Zs2) = s+ 2 for s¿ 1.
Proof. The set 0; e1; e2; : : : ; es obtained by adding the null vector to a basis of the
vector space Zs2 has cardinality s+ 1 and does not contain barycentric subsets.
Then BD(Zs2)¿ s+2. By Theorems 16 and 22 we have BD(Zs2)6SD(Zs2)+1=s+2.
Theorem 25. For s¿ 2 we have 2s+ 16BD(Zs3)6 2s+ 2.
Moreover BD(Z23) = 5.
Proof. The following set A of 2s vectors in Zs3 has no barycentric subset.
A= {0} ∪ {ei; 16 i6 s} ∪ {ei + ei+1; 16 i6 s− 1}:
Since {e1; e2; : : : ; es} is a basis of the vector space Zs3 then A\{0} is a zero-free subset.
Assuming we have in A a barycentric subset, then by a simple inspection we obtain a
subset in A \ {0} with a zero-sum. Contradiction.
This result will give 2s+ 16BD(Zs3) for s¿ 2.
By Theorems 16 and 22 we have BD(Zs3)6SD(Zs3) + 1 = 2s+ 2.
By Theorems 18 and 22 we have BD(Z23)6 5. Hence BD(Z23) = 5.
Note that in the above theorem, we have not yet found a value of s for which the
upper bound 2s+2 is attained. Moreover, by an exhaustive examination we have found
that the lower bound 2s+ 1 is attained for s= 3; 4.
The proof of Theorem 23 gives rise to another question.
Indeed, excluding the easy case of f non-injective induced a signi5cant decreasing
of the bound, by increasing the lower bound of the size of the set of sums of d terms
of a sequence f of length k in Zp (from 1 if f is constant to min(p; d(k − d)) if f
is injective and 16d¡k). But it seems that the limit case in Hamidoune and Dias
da Silva (namely the sums take only d(k − d) + 1¡p values, with 26d6 k − 2)
occurs only when f(A) is an arithmetic progression. Hence excluding the presence of
barycentric subsets of size 3 may increase the numbers of values of sums, and thus
may decrease the upper bound of BD for some p.
Problem 26. Let A be a subset of size k in Zp. If there are no barycentric sequences
of size 6 t in A, what can be said about the minimum number F(k; d; t) of sums of
d di?erent terms in A when it is less than p?
The case t=2 is described by Hamidoune and Dias da Silva: F(k; d; 2)=d(k−d)+1.
As an example, we easily see that F(4; 2; 3) = 5 = F(4; 2; 2), and that the function
has the symmetry F(k; d; t)=F(k; k−d; t). It seems that F(5; 2; 3)=9¿F(5; 2; 2)=7.
3.1. Examples
We consider in Table 1 some values of the constants BD(G), SD(G) and D(G).
The constants BD(G) and SD(G) have been computed by Subocz [16] and D(G) is
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evaluated with tools from [8, Theorem 1] and the fact that D(Zn)=n. Here the type of
G corresponds to its list of invariant factors, i.e. the positive integers ¿ 2, say n1; : : : ; nr
with ni divides ni+1 such that G is isomorphic to the direct sum Zn1 ⊕ · · · ⊕ Znr .
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